On the Hermite expansions of functions 
from Hardy class 

by 

Rahul Garg and Sundaram Thangavelu 

Abstract. Considering functions / on R" for which both / and 
/ are bounded by the Gaussian e~^°l^l^,0 < a < 1 we show that 
their Fourier-Hermite coefficients have exponential decay. Optimal 
decay is obtained for 0(n)— finite functions thus extending the one 
dimensional result of Vemuri [Til . 



1. Introduction 

Consider tlie normalised Hermite functions a G N" on M" which 
are eigenf unctions of the Hermite operator H = —A + \x\'^ with eigen- 
values (2|a| + n). They form an orthonormal basis for L^(M") so that 
every / G L^(M") has the expansion 
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When the Hermite coefficients of / has exponential decay, say 
|(/, '^'a)! < (76^(^1°!+")*, for some t > 0, then by Mehler's formula 
(see |8]) it can be easily shown that / satisfies the estimate 

As $Q, are also eigenfunctions of the Fourier transform with eigenvalues 
it follows that |(/, $„)| < (:7e-(2|°l+")* and hence / also satisfies 
the same estimate as /. 

However, it is possible to prove better estimates for / and /. The 
assumption on (/, together with the asymptotic properties of holo- 
morphically extended Hermite functions lead us to the fact that / 
extends to as an entire function and satisfies 

\f{x + iy)\ < + |a;|2 + e-5t^'^^(2s)|x|2+icoth(2s)||y|2 

for every m G N and < s < t. And a similar estimate holds for / 
as well. Indeed, under the assumption on (/, $q,) the entire function 
f{z) belongs to the Hermite Bergman space 7is(C") consisting of en- 
tire functions which are square integrable with respect to the weight 
function 

for every s < t and hence as shown in [7] the functions f{z) and f{z) 
both satisfy the above estimate. 

Suppose we only know that / and / are bounded on M" by the 
Gaussian e~5*^°^(2i)|x|2^ would like to know if these conditions in 
turn imply some exponential decay of the Hermite coefficients of /. It 
will be so if we can prove that f{z) satisfies 

for some s > 0. Under the assumption on / and / it is clear, from the 
Fourier inversion formula, that / extends to C" as an entire function 
which satisfies 

\f{x + ty)\ < Ce^°*'^(2^)l^l'. 

But a priori it is not at all clear if f{x + iy) has any decay in x. In this 
article we address the problem of estimating / on C". 
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This problem has connections with a classical theorem of Hardy [5] 
proved in 1933 which says that a function / and its Fourier transform 
/ both cannot have arbitrary Gaussian decay. The precise statement 
is as follows. For a function / G -/^^(M"), let 

/(O = (27r)-"/2 / f{x)e-'^<dx 

be its Fourier transform. Suppose 

|/(x)|<Ce"'^l-^ \fm<Ce~'\^\' 

for some positive constants a and h. Then / = when ah > 1/4 and 
/(x) = Ce~'*'^''^ when ab = 1/4. Moreover, there are infinitely many 
linearly independent functions satisfying both conditions when ab < 
1/4. Examples of such functions are provided by the Hermite functions 

Hardy's theorem has received considerable attention over the last 
fifteen years or so as can be seen from the large number of papers 
written on the theorem, see e.g. the monograph |10j and the refer- 
ences therein. However, all the works so far have treated only the case 
ab > 1/4 in various set-ups. The case ab < 1/4 did not receive any 
closer study until recently where in [11] Vemuri has looked at functions 
satisfying Hardy conditions with a = 6 < 1/2. By a very clever use of 
Bargmann transform he has proved the following characterisation of 
such functions. 

Theorem 1.1. Suppose f G L^(R) satisfies the conditions 

|/(x)|<Ce-^-^ 1/(01 <Ce-^<' 

for some < a < 1 . Then the Fourier- Hermite coefficients of f sat- 
'''Sfy |(/, '^'fc)| < C{2k + l)~3e~'^^'^"'"-^)*/^, where t is determined by the 
condition a = tanh(2)f:). 

In |llj the author has considered functions of one variable only. 
A natural question is whether a similar result is true for functions on 
M". The proof in |11] . like many other proofs of Hardy-type theorems, 
depends on Phragmen-Lindelof maximum principle which is essentially 
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a theorem in one complex variables. If we consider functions / which 
are tensor products of one dimensional functions, then an analogue of 
Theorem 1.1 follows easily. More generally, the arguments in [11] can 
be used to prove the following result. We state the result in terms of 
the Hermite projection operators Pk which are defined by 

Pkf= 5^ 

\a\=k 

for any / G L'^iW^). We refer to [S] for more about Hermite expansions. 

Theorem 1.2. Suppose \f{x)\ < Ce^2"-'^\ and for any j = 
1,2, ...,n, \J-'jf{^)\ < Ce~^"l^l^ where J-'jf is the partial Fourier trans- 
form of f in any set of j variables. Then we have the estimates 
WPkfh < C{2k + n)^e-(2'^+")*/2 ^/^g^g ^ _ tanh(2t). 

There are strong reasons to believe that the result is true for all 
functions satisfying the Hardy conditions. However, at present we do 
not know how to prove the result. Nevertheless, we have the following 
slightly weaker result. 

Theorem 1.3. Suppose f G L^(M") satisfies the estimates 

\f{x)\ < \f{x)\ < 

for some < a < 1. Then ||Pa,./||2 < C{2k + n)^e~(^''+"^''/^ where s 
is determined by the condition tanh(2s) = a/2. 

We prove this theorem in Section 4 by relating the Hermite projec- 
tions Pkf with the Fourier- Wigner transform V{f, f) and appealing to 
a version of Hardy's theorem for Hankel transform. Since the Fourier 
transform of a radial function reduces to a Hankel transform. Theorem 
1.1 can be shown to be true for all radial functions. More generally, we 
can prove the same for all (9(ra)— finite functions in L^(M'^). In other 
words. Theorem 1.1 remains true for all functions whose restrictions to 
the unit sphere S^~^ have only finitely many terms in their spherical 
harmonic expansions. 
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Theorem 1.4. Suppose f G L^iJS."') satisfies the same conditions 
as in the previous theorem. If we further assume that f is 0{n)— finite, 
then WPkfh < C{2k + n)'^e-(2'=+'^)*/2 ^f^^^^ ^ ^ tanh(2t). 

We prove this theorem in Section 5 by studying a vector valued 
Bargmann transform. Let us define the Hardy class H{a),0 < a < 1 as 
the set of all functions / satisfying the Hardy conditions in Theorem 
1.3. We are interested in estimating the Hermite coefficients of / from 
H{a). This problem has been completely solved in the one dimensional 
case by Vemuri A work closely related to this article is the pa- 

per by Janssen and Eijndhoven |6j where they have studied growth of 
Hermite coefficients in one dimension. Here we treat the higher dimen- 
sional case. It would also be interesting to find the precise relation 
between Hardy conditions and the membership in Hermite-Bergman 
spaces 7^t(C"). 



In this section we set up the notations and collect relevant results 
about Hermite functions, Fourier- Wigner and Hankel transforms. We 
closely follow the notations used in [9] and [3] and we refer to the same 
for the proofs and any unexplained terminology. Writing down the 
Hermite expansion of / G L^(]R") as / = YlT=0'^kf, the Plancherel 



The Fourier- Wigner transform of two functions f,g & L^(]R") is a 
function on C" defined by 



2. Preliminaries 



theorem reads as \\f\\l = 



oo 



PkfWl 




We make use of the identity (see [8]) 




for any/„f7iGL2(R"). 
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The special Hermite functions $0/3 = V{^a, ^/b) form an orthonor- 
mal basis for L^(C"). We observe that 




If we let (p^ ^{z) stands for the Laguerre function L^" ^''(||zp)e 4!^!^ 
then we know that 

^aA^) = (27r)-"/vr^(^) 

\a\=k 

and therefore we get the useful relation 

\\P,f\\l={27rr-/' [ V{fJ){z)^l-\z)dz 

which will be used in Section 4. The same idea has been used in [6] in 
the study of growth of Hermite coefficients. 

In Section 5 we will make use of a Hecke-Bochner type formula for 
the Hermite projection operators. Let P be a harmonic polynomial 
which is homogeneous of degree m, called a solid harmonic. It is well 
known that if / is radial, then the Fourier transform of fP is again of 
the same form, viz. fP = FP where F is given by a Hankel transform. 
A similar result is true for the Hermite projections. Let stand for 
Laguerre polynomials of type 6 which are defined by the generating 
function identity 

OD 

J2 Li{x)e-K' = (1 - r)-^-ie-^^^ 
for |r| < l,a; > 0. Define 

where the Laguerre functions -ipl are defined by 
With these notations we have 
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Proposition 2.1. Suppose f G L^(]R") be such that f = gP where 
g is radial and P is a solid harmonic of degree m. Then Pjf = unless 
j = 2k + m in which case 

The restrictions of solid harmonics to S*""^ are called spherical har- 
monics. Let {Ymj : 1 < J < dm-, m G N} be an orthonormal basis for 
L^(S'"~^) consisting of spherical harmonics. Given / G we have 

the expansion 

oo dm 

f{ruj) = XI XI f^A'^')Y-mj{.^) 

m=0 j=l 

where fmj are the spherical harmonic coefficients of / defined by 

fmj{r) = / f{rr])Yrajiv) dr]. 
The above proposition leads to the formula 

k d-im 

m=0 j=l 

where fmji'f') = f^~"^fmj{f)- A similar formula can be written for 
P2k+if as well. The functions ipl form an orthogonal system in 
L^(R_i_, r'^^'^^dr) and suitably normalised they form an orthonormal ba- 
sis. 

3. Bargmann transform and Hardy's theorem 

For the convenience of the readers we briefiy recall the argument 
used by Vemuri [11] in proving Theorem 1.1. As we have already 
mentioned we will be using variants of the same arguments, so it will 
help fixing the ideas. Recall that the Bargmann transform B defined 
by 

Bf{z) = [ f{x) e-5l^l'e"-^da; 

for z G C" is an isometric isomorphism from L^(M"') onto the Fock space 
consisting of entire functions on C" that are square integrable with 
respect to the Gaussian e"^!^!^, see Bargmann [1]. It takes the Hermite 
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functions $a onto the monomials Ca(^) = (f^) ^-2^"- Moreover, it has 
the interesting property that Bf{z) = {27t)^ B f(—iz). 

If / satisfies the Gaussian estimate f{x) = 0(e~^"l^i^) then from 
the definition of B it follows that 

IS/HI <C(l + a)-t exp(^^-t/^) 

where fi = , w = u + iv and = Yl]=i ""I ^tc. The relation 
Bf{z) = (27r)t5/(-zz) then leads to 

|i?/H|<C(l + a)-t exp(^^^±^). 

When n = 1 and taking w = re'^ we get 

in/./ M ^ ^/-, N-i / (/i + (1 - /i) sin^ 6')r2 
\Bf{w)\<Cil + a) 2exp(^^^— ^ 

and 

1^./ M ^/ X 1 / (u + (1 — /i) cos^ 6')r^ 
|5/HI <C(l + a)-2exp (^^^^^ L_ 

A Phragmen-Lindelof argument then leads to the estimate 
\Bf{w)\ < C(l + a)-5exp(^r2). 
If Cfc are the Taylor coefficients of Bf then Cauchy's estimates lead 

to 

\ck\<Cil + a)-hxp{^ry-' 
and optimizing with respect to r we can get 

W<C(l+a)-4(^fr. 

Since Ck are related to the Hermite coefficients of /, we get a slightly 
weaker form of Theorem 1.1. For the argument leading to Theorem 
1.1 we refer to [1 IJ . In the n— dimensional case it is possible to use 
the same arguments to prove Theorem 1.2 under the extra assumptions 
made in the hypothesis. We leave the details to the reader. 
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4. Hardy's theorem for Hankel transform 
and a proof of Theorem 1.3 



For any S > — | we define the Hankel transform Hs on 

L\R+,r^^+^dr) by 




It is well known that Hs extends to L^(]R+, r^^~^^dr) as a unitary oper- 
ator and the inversion formula is given by 



for all / for which Hsf is integrable with respect to s '^^ds. Moreover, 
it is known that Hsipf. = (—1)'^ ipi- We will make use of this fact in 
what follows. 

An analogue of Hardy's theorem (i.e. the case ab > 1/4) is known 
for the Hankel transform as well. We now prove an analogue of Theo- 
rem 1.1 for the Hankel transform. 

Theorem 4.1. Let f G (IR+, r^^+Mr) be such that both f and 
Hsf satisfy the Hardy condition with a = tanh(2t). Then the Laguerre 
coefficients of f satisfy the following estimate: 



The proof of this theorem is similar to that of Theorem 1.1 given 
in |llj . We just need to replace the Bargmann transform by another 
transform adapted to the Hankel transform. We now proceed to define 
this transform which we denote by Us- For / G //^(R"*", r^*^"*"^ dr) we let 



It is clear that Usf extends to C as an even entire function of w. 
Moreover, the generating function identity 




\U.^i)\<C{l + a)-\Ak + 25 + lYe- 



2tk 




oo 




E 



T{k + 6+l) 



fc=0 
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satisfied by the Laguerre polynomials can be rewritten as 

L [k + + 1) [irwy 
In view of this we have 

This shows that the transformation Us takes the Laguerre functions 
ipl onto constant multiples of the monomials w"^^. We also have the 
relation UsHsf{w) = Usf{—iw) which follows from the fact that 

The image of //^(R"*", r'^^+^ dr) under the transform Us is known to 
be a weighted Bargmann space, see [2]. Indeed, if we let 

where 

' ^2z' T{5 + \) Jo ^ 2z> 

then the image is precisely the Hilbert space of even entire functions 
that are square integrable with respect to h{w)dw (see Cholewinski 
[2]). As h{w) is radial it is clear that w^'^ form an orthogonal system 
with respect to h{w)dw. Moreover, it can be shown that (see [2]) 

/ \w\"'h{w)dw = 2^+25 2^^T{k + l)T{k + 6 + 1). 

Thus, if we let 

^^{w) = (_i)fc(^2i+2^+^^ r(A; + 1) r(A; + 5 + 

then Ck form an ortho normal basis for the image of L^(R"'", r^''"'"^ dr) 
under Us and Us({2r^^^Y^'^{w) = Ck{w). 

We can now proceed as in Vemuri [llj with Us playing the role of 
the Bargmann transform to prove Theorem 4.1. 

We now use Hardy's theorem for the Hankel transform to prove 
Theorem 1.3. Let stands for the symplectic Fourier transform. We 
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need the following estimate on the Fourier- Wigner transform V{f, f ) 
when / and / satisfy Hardy conditions. 

Proposition 4.2. Let f e L'^{W) satisfies \f{x)\ < Ce""^!^!' and 
1/(01 < Ce-'^l«l' for some C > and a > 0. Then \V{fJ){z)\ < 
C„a-te-3"l^l' and \dsV{fJ){z)\ < C„a-te-i"l^l', where C„ > de- 
pends only on C and n. 

Proof. By definition, for z = x + e C" 

f){z) = (27r)-t / e^(-«+i-^)/(e + y)W) d^- 
An easy calculation using Fourier inversion shows that 

V{fJ){z)^{27rr V{fJ){iz). 
Prom the definition it follows that \V{f, f){z)\ is bounded by 

(27r)-t / \fiC + y)\ \m\ di<C f e-«l«+^l'e-«l«l' d^. 
The last integral is equal to 

Jr" 

Replacing / by /, we also get 

in/J)(^)l<C„a-te-^"l^ll 
And thus the relation V{fJ){z) = (27r)-"l^(/, gives 

in/,/)(^)l<C„a-te-^"l^^ 
Combining these two, we get 

m/,/)(^)l<C„a-te-^l^^ 

The above calculation together with the relation dsV{f,f){z) ~ 
(87r)tV(/,/)(z) implies that 

|^.n/,/)(^)l<Cna-?e-W. 
This completes the proof of the proposition. □ 
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In view of the expression for the norm of Pk in terms of the Laguerre 
coefficients of V{f, /), in order to prove Theorem 1.3 we only need to 
prove the following result. 

Theorem 4.3. Suppose f e ^^(R") is such that \V{f,f){z)\ < 
Ce-i«l^l' and \dsV{fJ){z)\ < Ce-'s^\'\\ Then 

I / Vif,f)iz)ipr\z)dz\<Ci2k + nr-'e-^''+^> 

where s is determined by a/2 = tanh(2s). 

Proof. As (p'^~^{z) is radial, recalling the definition of i/j]^'^ the 
integral we want to estimate reduces to 2'^ F{\^r)'ip'^~^{r)r'^'^'^dr 
where 

F{r)- I V{fJ){ru)du 

1 2 

which clearly satisfies the estimate < Ce'^""^ . If we can show 

that the function G{r) = F{^/2r) satisfies the estimate \Hn-iG{r)\ < 

1 2 

Ce^4" , then we can appeal to Theorem 4.1 to get the required esti- 
mate. Since 9?^^^ is an eigenfunction of the symplectic Fourier trans- 
form 

/ V{fJ){z)^l-\z)dz^{-lf I dsV{fJ){z)^r\^)dz. 

We now perform the following calculations: 

/ dsV{fJ){V2ru;)du; = f V{fJ){-'-V2 ru) du 




= 2-(//„_iG)(r) 

which proves our claim on Hn-iG{r). □ 
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If we can improve the estimates in Proposition 4.2 to \ V{f, f){z)\ < 
and \dsV{f, f){z)\ < Ce-s'^l^l then we could prove Theorem 
4.3 with tanh(2s) = a. In fact, one needs only 



VifJ)irtu)dLu\<Ce 

and a similar estimate for ^sV{f, f) which is good enough to improve 
Theorem 1.3. But there are some limitations on the decay of Fourier- 
Wigner transform due to the uncertainty principle proved in The 
following example shows that improving the estimates in Proposition 
4.2 is not always possible which means that the proof via Fourier- 
Wigner transform is not robust enough to lead to Theorem 1.3. 

Example 4.1. Let a = and consider the function f G L^(M^), 
defined by 

f{xi,X2) = e-f(-?+-i+2«i-2)_ 
An easy calculation (using o. = shows that 

a 

and with z = {xi + iyi, X2 + iy2) 

From the above expression for V{f, f), it is clear that the estimate 

in/,/)(^)|<C^e-tN' 

is not valid. 

For any < b < ^, let us write 

Rb= [uj = {lui, 102,103,104) G I LO1LO4 > b, L02UJ-i > 0}. 
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Clearly, Rb is a subset of of positive measure. Let us denote its 
measure by \Rb\- Then, 

I V{f,f){ruj)duj = ^ e-t'"' / e^'('"i'"4+'^2'^3)du; 

- 2a' ' 
2a' 

Since = one can choose < 6 < | such that 6 — | > 0. Therefore, 
Js'.'. ^(/j f ){^^)doJ can not be bounded by e~^^'^ . 

However we can show that ||Pfc/||2 hfis the required decay. Indeed, 
for any < r < 1, we have 

00 „ / 00 \ 

5^r^||P,/||^ = (27r)-^ / V{f,f){z)[J2rVk{z)]dz 

and hence using the generating function identity 

00 

A;=0 

and the explicit expression for V{f, f) we can calculate that 

00 



■ 2 37ra(l — r)' 

I2 ~ 



fe=o 



(2a+i±^)((2a+g)-^^)' 
Writing fi = and simplifying, the above takes the form 



k=0 k=0 

Comparing coefficients of r'^ we see that P2k+if — and ||-P2fe/||2 — 



j^//'^ which is the expected decay. 
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5. A vector valued Bargmann transform 
and a proof of Theorem 1.4 

In order to prove Theorem 1.4 we need to study a vector valued 
Bargmann transform. For functions / from L^(R") consider 

Bf{z,uj) = [ f{x) e-^l^l'e^^-^da; 

where 2; e C and u e S'^"^. We think of Bf as an entire function of 
the one complex variable taking values in the vector space L^(yS'"~^). 
As before, one can easily verify that Bf{z,uj) — (27:)^ Bf{—iz,u;). 
We consider functions satisfying the conditions: 



for some a > 0. The basic estimates on the Bargmann transforms of 
such functions are given below. 

Proposition 5.1. /// e L'^{W) be such that (5.1) and (5.2) are 
valid for some a > 0. Then for every z — u -\- iv & C, 



(5.1) 




(5.2) 





where a — fr^ as before. 



a 



Proof. For 2; e C and a; e 5' 
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Thus we get the estimate 



/"OO 

\Bf{z,u;)\ < |e-i^'| / \T,J{u;)\ e-^'s^-^ds 
Jo 



where 



If we write z = u + iv, then 



and consequently, 



IT^^/Hl^do;)^ < (/ \f{srj)\'drjf f e^^^-^ dr] 

n-l / \ JS^-^ ' J S'^-^ 



< C e — 



1 

Notice that ^ /^n-i \B f{z^ijo)\'^du?j ^ is bounded by 

where the last inequality is achieved using Minkwoski's integral in- 
equality. 

Now, using the above estimates, we get 

s (if^ ( - (^)) «P (2(iTlo) 

(1 + 0)2 V 4 / 

Replacing / by / and using the fact that Bf{z, uj) — {27r)^ Bf{—iz, a;), 
we also get 



\Bfiz,u;)\^ du;f < — ^ exp (^^i±^) 
/ (1 + a) 2 4 



^ (1 + a) 
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Hence the proposition is proved. 



□ 



Theorem 5.2. For a function f on MJ^ satisfying the conditions 
(5.1) and (5.2) let Bf{z,uj) = J2T=o^k{i^)z^ be the Taylor series ex- 
pansion of the Bargmann transform. Then 



Proof. The proof of this theorem can be reduced to the scalar 
valued case treated in Indeed, for any normahsed g G L^(S'"^^) 

the scalar valued function 



is an entire function satisfying estimates stated in Proposition 5.1. The 
arguments in [11] lead to estimates for the integral 



Taking supremum over all such g we get the required estimates. □ 

In order to apply the above estimates to prove Theorem we need 
the following result which shows that the L'^{S"~^) norms of dk{uj) can 
be expressed in terms of Laguerre coefficients of the spherical harmonic 
components of / restricted to the unit sphere. 



Theorem 5.3. For f e L2(R"), if Bf{z,u) = T.Zodki^)^'' 






the Taylor series expansion, then for all k > 1 




\d2k+i{uj)\'^duj 



2 



m=0 j=l 



EE 



—m 1 1 

(r(f + A; + m + l))' 



Proof. We know that for every Zi, ^2 £ C 
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which in particular imphes that 



m=0 ]=1 ^ ' 

and thus 

„ OO dm J { ' \ 

-^S--' m=0 j=l V-«S^J ' 

Now, 



e 4^ 



poo p 

Jo Js"-^ 

C'O c/j7i /•OO 



™ ' Jii+m-ii-isz) 



-^iz"^ sr^sr^ ( / /■ / N 'j^+m-iy-i'^^ _i 2 

e 4^ > > ( / fmj{s) , . e ^ s 

m=0 j=l ^ ' 

OO dm 

m=0 j=l 

OO dm 

m=0 j=l 



where for simphcity we have written Um in place of 
If we write the power series expansion of Umfmj ^ 



2k 

^k,mj Z 

k=0 

then, as we saw in Section 4, 



{ i\fe9-2fc 

'OKra,-^ r(f + A; + m)^^"^^ ' ^ 

Now, 4(u;) = 2^ ^ii+f dz imphes that 

m=0 j=l 
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which imphes, 



JS-' m=0 j=l 



k d2n 

k—m; 2m,j \ 



and therefore 



k d2m Iff „/,f +2™--1n|2 

\[j2m,j , Wk-m )\ 

_-^o^ (r(f + fc + m))' 
A similar calculation shows that 

k d2,n+l If 7 /f+2»"\|2 



/ 



^0 (r(f + A; + m + l))^ 
which completes the proof of the theorem. □ 

Combining Theorems 5.2 and 5.3 we can prove Theorem 1.4. To see 
this, we first observe that the Hecke-Bochner formula for the Hermite 
projections lead to 



Proposition 5.4 

m=Oj=i - (r(t + fc + m)) 

A similar expression holds for P2k+if o-lso. 



k d2m ,/,f+2'»-lM2 

^2./||^ = 2 5]^(r(A;-m + l)r(- + A; + m)) ^ 



We note the similarity between the expression for ||P2fc/||2 ^i^d the 
L^(5'"~^) norms of (i2fc(co'). We therefore, rewrite expression for H-Pzfc/Hi 
as 

where 

Stirling's formula for gamma functions show that c(/c, k) = 
In general, we have 

Lemma 5.5. For any < m < k we have c{k,m) — 0{k'^'"~^^^'^). 
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Proof. We show that for all A; > 1 and < m < k. 



.m-m) nk - ^ + ^) r(fc + m + f) ^ Q(^t-i). 



Y'(2k-\- — ) 

For this, fix /c G N and consider c(A:, m). When m = c{k^ k) = Y{2k+i) 
and by Stirhng's formula, for large k it behaves like 



As + < ei-Sc(A;,A;) = 0(A;t-i). 

Now for < m < k, consider 



22(fc-m) - m)'=-"*+5 e-(*^-"*)(ifc + m + f - l)'^+"^+t-^ g-e^+^^+f-i) 
a/2 V / 



m+ — — 1 

< C„e-(t-i)2-2-e-e-+t-i{i^-^}™)tt-i 



k 



But, 2-2"^ I I I < 1 if and only if 1 + < 4(1 - f) 

which happens precisely when m < |(3/c — | + l). Since for suf- 
ficiently large A; , i(3A; - f + l) > [^], it follows that for 
< m < [^],c(/c,m) < C„ Now consider [^] < m < k. 
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In this case 

c[k,m) < Cne^^ '■'2 y j ^ 

^ / m \ k—m / ^ \ k+m / — — In fc+m 



/c/ V k / V /c + m/ 

][ \ k—m 



< C„e-(t-i)2-2-(^i) " 2^=+- et-i 



n 1 



In the second last step, we use the fact that m > [^] implies that 

(i-f)<-i- n 

The extra factor of 2^"* in the expression for ||-P2fe/||2 suggests that 
we consider the operator T defined by 

OO dm 

m=0 j=l 

It is then clear that when / satisfies the Hardy conditions Tf satisfies 

iL2(5"-i) 

A similar estimate is true for Tf as well. 

Theorem 5.6. Suppose f satisfies the Hardy conditions with a — 
tanh(2i). Then for any k — 0,1,2, ... we have 

\\Pk{Tf)\\2 < C{2k + n)'^e-(''=+")*/^ 

The theorem follows by using the estimates obtained in Theorem 
5.2 along with the above lemma. Theorem 1.4 follows as a corollary 
to Theorem 5.6 since for such functions ||-Pa;/||2 < C\\Pk{Tf)\\2, where 
C depends on the number of spherical harmonic coefficients present in 
the expansion of /. 
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